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Executive Summary

Item cloning techniques involve the application of an algorithm or algorithms to generate new test items
based on the characteristics of existing test items. The term parent is sometimes used to describe the original
items, and the term offspring is sometimes used to describe the new items that are generated by the cloning
technique. The application of item cloning techniques can greatly reduce the cost of item writing and
enhance the flexibility of item presentation. Another cost-saving factor of item cloning is that the item
response theory (IRT) item statistics (commonly referred to as item parameters) that are calculated for each
test item and used to select items for administration in a computerized adaptive test (CAT) are often
assumed to be the same, or at least very similar, for parent and offspring items.

However, a potential negative consequence of cloning is the possible variation in the values of the item
parameters for items cloned from the same parent. Recent research has shown that the presence of item
parameter estimation error can lead to capitalization on these errors and hence to substantial loss of
precision in the ability estimates derived for test takers.

This research presents a solution that accounts for the uncertainty in the item parameter estimates, thereby
resolving the problem of capitalization on item parameter estimation errors. A simulation study is presented
to illustrate how the method neutralizes the effect of capitalization on errors in item parameter estimates.

Abstract

Item cloning techniques can greatly reduce the cost of item writing and enhance the flexibility of item
presentation. An important consequence of cloning is that it may cause variability in the item parameters.
Recently, Glas and van der Linden (in press, 2005) proposed a multilevel item response model where it is
assumed that the item parameters of a 3-parameter logistic (3PL) model or a 3-parameter normal ogive
(3PNO) model are sampled from a multivariate normal distribution associated with a parent item. In the
sequel, the model will be referred to as the item cloning model, which will be abbreviated ICM. Several
procedures for item bank calibration and computerized adaptive testing (CAT) were proposed. The latter
procedures were developed under the usual assumption that the item parameters are known. However, in
practice, item parameters have to be estimated, which introduces an error component that can have
substantial effects. For the standard 3PL model, van der Linden and Glas (2000, 2001) show that
capitalization on estimation error can lead to a substantial loss of precision. In the present report, this finding
is corroborated for the ICM. It is shown that the problem can be solved by a Bayesian item selection
procedure where the uncertainty about the item parameters is taken into account by implicating their
posterior distributions. These posterior distributions are generated using the Gibbs Sampler. A simulation
study is presented to illustrate the performance of the method.

Introduction

Item cloning is based on a formal description of a set of parent items and an algorithm to derive a larger
set of operational items from them. These parent items have been known as item forms, item templates, or item
shells, whereas the items generated from them are now widely known as item clones. Comprehensive
reviews of the technology of item cloning are given in Bejar (1993) and Roid and Haladyna (1982).

Recently, Glas and van der Linden (in press, 2005) proposed a multilevel item response (IRT) model where it
is assumed that the item parameters of a 3PL model are sampled from a multivariate normal distribution
associated with a parent item. The model is fully Bayesian in the sense that (informative) priors are formulated
for all hyperparameters describing the distributions of the item parameters within the populations. The numerical
procedure used to calculate the estimates is the Markov Chain Monte Carlo (MCMC) simulation (Gibbs Sampler).

Glas and van der Linden (2005a) proposed several procedures for CAT with item clones. These
procedures were developed under the usual assumption that the item parameters are known; however, in
practice, item parameters have to be estimated, which introduces an error component that can have
substantial effects. For the standard 3PL model, van der Linden and Glas (2000, 2001) show that
capitalization on estimation error can lead to a substantial loss of precision. The main cause of this
phenomenon is that highly discriminating items (items with a high discrimination parameter in the 3PL or
3PNO model) are both likely to be selected and are bound to have large standard errors. Paradoxically, the
size of the item bank is negatively related to the precision of the ability estimates. The reason is that a large
item bank contains more highly discriminating items with large standard errors. In the present report, this
phenomenon is also found for the ICM. However, it is shown that the problem can be solved by a Bayesian
item selection procedure where the uncertainty about the item parameters is taken into account using their
posterior distributions generated with the Gibbs Sampler.



Model

Consider a set of item populations p=1,.., Pofsize K, ..., Kp, respectively. The item clones in
population p will be labeled i, = 1, ..., K,,. It proves convenient to introduce sampling design variables d ; ,
which assumes a value equal to one if person 1 responded to item i, and zero otherwise. Let X, be the '
response variable for person n and item clone i,,. If d = 1 X ,; attains the value of one for a correct response
and a value of zero for an incorrect response. Itp d, X, aftains an arbitrary value of r(r # 0; r # 1). Notice

that with this definition the design variables are completely determined by the response variables; they are
only introduced to facilitate the mathematical presentation.

First-level Model
The first-level model is the 3PNO model, which describes the probability of a correct response as

p(xnip :1|dm'p :1/0n/aip /bip €, ):Cip +(1 ¢, )(D(aipen _bip ), (1)

where a , bl ,and c; are item parameters, 0, is an examinee parameter and @(.) is the normal cumulative
distribution function. The parameterization ‘of the models in (1)is shghtly different from the usual
parameterization for the logistic and normal-ogive models, a2, = (6 —b, ). The only motivation for our choice
is to simplify the presentation below. ' g

The reason for considering the 3PNO model rather that the 3PL model is that the former appears to be
more tractable in an MCMC framework. However, as is well known, for an appropriately chosen scale factor
both models are numerically nearly indistinguishable and either model is expected to fit only if the other does.

Second-level Model

The values of the item parameters (a1 ,b i, Ci ) in (1) are considered as realizations of a random vector.
Further, it is assumed that

f;‘ip = (aiV , bl.p , logitciﬂ ), (2)

has a multivariate normal distribution, that is,

Eiy ~N(ll/£plzp)/ (3)

where u , is the vector with the mean values of the item parameters for population p and X, their
covariance matrix. The hyperparameters («,, 2.,) are allowed to vary across the populatlons of items.
Finally, it will be assumed that 6, has a standard normal distribution

0, ~N©O,1). (4)

Prior for Hyperparameters

A convenient choice for the prior distribution for the hyperparameters («,, 2. ) is a normal-inverse-Wishart
distribution (see, for instance, Box & Tiao, 1973, or Gelman, Carlin, Stern & Rubin, 1995). The prior follows
from the specification

2, ~ Inv - Wishart (2,)
ll’tp | zp ~ MVN(II’tO’ zp/ko)
where >, and v, are the scale matrix and degrees of freedom for the prior on ., and u, and k are the mean

and welght for the prior on u,,, respectively. The weight expresses the information in the prior distribution
as the number of prior measurements it can be equated to.



Likelihood Function

The response vector of examinee 7 is denoted as x,, = (x,; , ..., X, , ..., X, ). Using the assumptions of (1)
independence between examinees, (2) independence between items and examinees, and (3) local
independence within examinees, the likelihood function associated with response data x and test
administration design d can be written as

p0,&u, Xx,d)=[]px,d,,0,,&u )
=TI px,, 14, 0,8 @)
n P 1’/

[TI1pG, 1k, 2, ®)

The convention will be followed that p(x,, =7 1d, =0,6,4a, ,b, ,c;)=1.

i’
Bayesian Estimation

An MCMC procedure will be used to sample from the posterior distribution. Only the essential steps
will be outlined here, for details consult Glas and van der Linden (2005). Following Albert (1992) and Béguin
and Glas (2001), two data augmentation schemes are used to create tractable posterior distributions. First, a
binary variable W,; - is introduced with a conditional distribution given by

PW, =11X, =1,4, ¢, )«®{, )

niy, 7

PW, =01X, =1,4, ¢ )occ, (1-D(, )

P(Wm'p =1|Xn[p =0’j‘niplcip)=0
P(Wnip =0 lX”ir' = 0’ ini}, 4 Ci,, ) = 1’ (6)
where A, =a, 0-b, . Second, the data are augmented with latent data Z,, , which are independent and

normally distributed with mean 4 i, and standard deviation equal to one.
The aim of the procedure is to simulate samples from the joint posterior distribution given by

P&, 0,1, 2, z,wix)oc p(z, wix; &, 0)p(O)p(&lu, 2)p(u, Xlu,, ). @)

The samples are generated with a Gibbs Sampler consisting of four steps.

Step 1: Draw from p(z, wlx; &, 6)

Step 2: Draw from p(61z, §)

Step 3: Draw from p(§; 10,z; ,u, , Zip )

Step 4: Draw from p(up, Zp 1€, 0, z, x).

Multiple MCMC chains can be started from different points to evaluate convergence by comparing the
between- and within-sequence variance. Another approach is to generate a single MCMC chain and to
evaluate convergence by dividing the chain into subchains and comparing between- and within-subchain

variance. For these and other technical details, see Gelman et al. (1995).

Adaptive Testing

Three models for CAT with item clones will be considered. The first model uses the true item parameters
§,; and ignores the relation with the item parents u, and 2., . The second model is analogous to the first



model, but it is based on point estimates of the item parameters &, . The third model takes the uncertainty
about the item parameter §; and the parent item parameters u, dnd 2, into account by invoking their
posterior distributions.

Model 1

Suppose items 1, ..., k — 1 have been selected. The responses to which are denoted by a vector
y! i =Y, Vi ) "The character y is used rather than the character x to distinguish the CAT responses
from the responses in the calibration phase. In the present approach, the item clones are the selection objects.
This is contrary to the approach studied by Glas and van der Linden (in press) where the parents were the
selection objects. However, it will be assumed here that every clone selected is from a different parent.

The posterior distribution of 6; given v j Vs

£O,1y) " p0 ) [Tp,10,.8, ).
11 (8)

The posterior expectation of 6; given y Y can be used as a running point estimate of ability with the

posterior variance Var(6 | y "Dy asa measure of precision.

The kth item is selected fo be optimal at this posterior distribution. As in Glas and van der Linden
(in press), the criterion for item selection will be the minimum expected posterior variance (also see,
van der Linden, 1998, and van der Linden & Pashley, 2000).

The posterlor predictive distribution of the response of examinee j to item i, given the previous
responses y' ; ' is given by

fs, 1y = [ty 10,8, )F@1yS " )do. ©)

The two pos51ble responses lead to updates of the posterior variance, which we denote as
Var (0, |y<k v, X; =0)and Var(8, |y ) , X ; =1). The proposed criterion for the selection of the kth
parent is the expected value of this’ update That i is,

i, =arg min, {Var(@ ly =", X, =0)f(0ly ")+ Var(0,ly! ", X, =1)f(1|y(,.k_l));reRk} (10)

where Ry is the set of parents in the pool in which no items are selected yet.
Model 2
Model 2 is analogous to Model 1, but the posterior expectation of £, is used as a point estimate.

Model 3

In this case, the posterior distribution of 6, given'y ' is averaged over all values drawn from the
posterior distribution p(§, 6, u, 2, z, w1 x) by the Gibbs éampler So the posterior distribution of 6 is given by

f(ejly(jk1))OCJ‘"J‘|:p(0j)]i[p(xjiplej/éip )h(giplll’lpfzp):|
p=1

p&,0,u,2,z,wlx)dé,0,u,2,z,w).

In the same manner, the posterior predictive distribution becomes
Fs v = J[[ 10,6 0@, 11, Z,)£0, 1y a0 ]

p&0,u, 2, z,wlx)dé,0,u,2,z,w).



Using the draws from the Gibbs Sampler, evaluation of these two expressions boils down to a form of
Monte Carlo integration. That is, p(§, 6, u, 2, z, w I x) is not analytically evaluated but sampled from. Further,
the draws of z, w, and 6 do not play a role; only the draws of §, u, and X are relevant. As above, item
selection can be done using (10).

Simulation Studies
Simulation studies were conducted to compare the performance of the three CAT models.
Item Pools
The parameters of the item parent parameters 4, and 2., were drawn from a prior distribution with mean

1, =(10,.0,logit(2)) (11)

and covariance matrix

[020 0.05 -0.05]
Y,=| 005 1.00 0.0
-0.05 010 0.10 (12)

and these draws were in turn used to generate values (a,, b,, logit c,).
The Calibration Phase

The simulations in the calibration phase were made with either P = 20 or P = 40 item parents. In all
simulations, there were K, = 10 operational items per parent. So the total number of operational items
equaled K =200 and K= 400. Every simulee responded to P operational items, one from each parent. The
number of simulees responding to an operational item had three conditions: 50, 100 and 200. This resulted in
total calibration sample sizes of 500, 1,000 and 2,000. Posterior distributions were generated with the Gibbs
Sampler using 10,000 iterations.

The CAT Phase

The CAT phase had a factorial design. The three factors were the CAT model (Model 1, 2, or 3), the
calibration sample size (500, 1,000 or 2,000), and the total item bank size (200 and 400), respectively. The
fourth factor entailed the true ability value, which was fixed at —2.0, -1.0, 0.0, 1.0, or 2.0, or drawn from a
standard normal distribution. For each combination of calibration sample size and the total item bank size,
five replications of the MCMC procedure were made, and within each replication, 200 CATs were simulated
for each true ability condition and each CAT model. The test length was always equal to 20 items. [tem
selection was under the restriction that all items administered were from different parents. Model 3 was
executed with 100 values from the 10,000 MCMC draws chosen at equally spaced iterations.

Results

The mean absolute errors (MEAs) in the ability estimates are shown in Table 1 (K = 200) and Table 2
(K =400). The impact of estimation error in the item parameters can be assessed by comparing the first row
(Model 1) with the other rows. As expected, the MEA decreases with increased sample size. Further, the
MEAs of Model 3 are always smaller than the MEAs of Model 2.



e
TABLE 1
Mean absolute error in ability estimates
Item bank size K = 200

CAT 0 Standard

N Model -2 -1 0 1 2 Normal
— 1 526 266 .263 268 432 291
500 2 .621 323 .325 .302 538 .349

3 614 311 299 287 489 .333
1000 2 .616 .309 .306 .295 497 .328

3 578 .296 .297 282 A75 310
2000 2 .566 .308 .298 .285 A73 321

3 .552 291 .275 .282 450 .306
TABLE 2

Mean absolute error in ability estimates
Item bank size K = 400

CAT 6 Standard

N Model -2 -1 0 1 2 Normal
— 1 501 .245 228 233 401 276
500 2 .810 456 274 .202 484 332

3 577 .356 257 .202 468 312
1000 2 596 325 .261 225 465 .326

3 558 .266 247 .202 448 .296
2000 2 576 275 .255 .175 437 311

3 .528 .256 .232 .202 428 .282

The finding in the study by Glas and van der Linden (in press, 2005) that an increase in the size of the
item bank can have a detrimental effect on the MEAs if the item parameters are poorly estimated is also
corroborated here. In Model 2, the item clones are treated as fixed effects; that is, their nesting under parent
items is not taken into account. Further, every item clone is only responded to by 10% of the calibration
sample. Especially for a sample size of 500 simulees (with 50 simulees responding to each item clone), the
effect is dramatic: the MEA is 0.810. The effect decreases with sample size. Further, Model 3 is far less
vulnerable to this effect.

Conclusion

Statistical models for CAT with item clones that properly take all dependencies in the data into account
are definitely more complex than the standard models for CAT. Also the computational effort is substantially
greater. However, the advantages of using item clones in terms of item development cost may far outweigh
the statistical complications.

As already demonstrated by van der Linden and Glas (2000, 2001), one of the main pitfalls in studies of
the psychometric advantages of CAT is disregarding the fact that item parameters are estimated. Also in the
present study;, it is shown that the presence of highly discriminating but poorly estimated items threatens the
precision of CAT and may even nullify the benefit of the availability of a large item bank. As van der Linden
and Glas show, this effect of capitalization on error can be partially checked by cross-validation techniques.
The present report shows that this can also be achieved by using Bayesian techniques that allow for
modeling uncertainty with a full posterior distribution and where nesting of item clones under item parents
results in shrinkage estimators that counteract spuriously high discrimination parameters.
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